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1.3 Matrix

The matrix is a rectangular array of elements arranged in horizontal rows and vertical
columns and usually enclosed in brackets. A general matrix form of A having n rows and m columns
IS :

a1

] A [ ()

The order of a matrix A is :
Order (A) = no.of rows x no.of columns

=nxm

1.4 Transpose of a matrix (A")

AT is obtained by converting the rows of A into columns in AT . Ay xm then AT«
Anxm= [al-j] j=1,....m and i=Il,...,n

Then
——

Exp:

1.5 Matrix multiplication

For an nxp matrix A= [a;;]nxp and an pxm matrix B= [b;;]pxm . Then the matrix product AB =
C = [cij]nxm s an nxm matrix where




—_ VP
Cij = Zkzl Aik bkj

A1p b11 b1m

aZp b21 me _ [ ]

: oo [T ylem
anZ anp bp1 bpm

We can multiply two matrices only when the number of columns in the first matrix equals the
number of rows in the second matrix.

Exp:

Find AB if

AB=|

3+3+2 3+3+2]
2+0—-6 12+0+12

re=[% ]

-4 24

1.6 Determinant

It is a number associated with a given square matrix. The determinant of A is denoted by

|A| = Det (A) = Da

1.6.1 Determinant of 2x2 matrix

_ 411 Q12 _ Q11 Q121 _
A= [a21 azz] = |A| = [a21 (122] — A11032 - Q12 Aq3
Exp:

_[2 5
A= [3 4]
4




2 5

A= 2 Y]=@x4)-6x3)=8-15=7

1.6.2 Determinant of 3x3 matrix
1.6.2.1 Minor

The Minor |Mij| of an element a;; is the determinant of the matrix M;; left when row i and
column j have been deleted from the matrix A.

Exp:

Find My; |Myq|, Mq3 |My3], My3 , [M3]

4 -6 7

-8 0 6]
-1 -3 5

-6 7] . _|-6 7| _ _
Ma=|25 &) o IMul=|T; f|=(6x5)- (1x-3)=-30+21=-9

Ms=[T0 O] M= Oz (8x3)-0x-1)=24

4 —

Ma=[t T Mal= |t

g|:(4><-3)-(-6><-1):-18
1.6.2.2 Cofactor

The cofactor |C;;| of an element a;; is given by :

|Cijl= (=D | My

Where |M;;| is the minor of a;;.

Exp:

Find |Cy4], |Cy5] for

4 -6 7

-8 0 6]
-1 -3 5




Sol :
|C11 1= (_1)1+1 |My1]=-9

|Cal= (—1)%*3 | Mys| = -1 x 24 = -24

1.6.2.3 Cofactor matrix

It is a matrix A formed by replacing every element in A by its corresponding cofactor.

|C11| G2l |Gzl
AC = |C21] 1G] 1Cas]

|C31| |C32| |C33|
Exp:

Find the A of the following matrix

A=|-5 5 6

234]
7 8 9

Sol :

|611|=(1)|g 8|=45—48=-3
C1z = (1) |‘75 8| = .(-45-42) = 87
|C13|=(1)|_75 g=-40—35=-75
Cal = (D) [3 ¥|=-27-32)=5

2 4
|CZZ|:(1)|7 5| =18-28=-10

2 3
Csl = (D) |5 5| =-(16-21)=5

13 4= _
|c31|_(1)|5 .| =18-20=-2
2 4
Cozl = (1) | 5y ¢|=-(12+20)= 32

6




2 3
1Cas = (1) |_5 _5| =10+15=25

Find |A| for

5 6

234]
7 8 9

To find the determinant of a matrix A we choose any row from the matrix as follows :
|Al=2[Cy1| + 3 |Cip| +41C13]
|A] = (2 x-3) + (3 x87) + (4 x-75)

=-6 +261-300

= .45

1.7 Adjugate matrix

It is the transpose of the cofactor matrix.

lcial  leanl = lenal

Adj (A) = |C%2| |C2:2| |C7:12| = (AT
lcinl  leznl - lenal

Exp:

Find the Adj (A)




5 =10 5
-2 =32 25

[ —3 5 —2]

—3 87 =75

87 —-10 -32
—75 5 25

1.8 Inverse of a matrix

1.8.1 Inverse of 2x2 matrix

=[5 4

At =dera) [4 7]

a
Exp:
Find the A~ for:

a=[; 7]

Sol :

det(A):|§ _41| =(3x4)—(-1x5)=12+5=17

4 1

-1 -17-1
A 17 5 3

1.8.2 Inverse of 3x3 matrix

For an nxn matrix the inverse is :




ECIN R
A7t = - Adi(A)

Exp:

Find the A~ for:

A=|-5 5 6

234]
7 8 9

Sol :

ECRNN G
A1 = - Adi(A)

-5
7

= 2(45 — 48) -3(-45 — 42) +4(-40-35) = -45

=23 §-3 |7 8+ a7 3

Adj(A) = (A9)"

5 =10 5

-3 87 —75]
-2 =32 25

-3 5 -2
(AS)T= [ 87 —10 —32]
-75 5 25

ATt=—187 -10 -32

-3 5 —2 ]
1
-75 5 25

1.9 Determinant and Inverse of a matrix by using elementary row (column)
operations

1.9.1 Elementary row (column) operations




Let B be a matrix obtained from A,xn by one of the three elementary row(column) operations

1. Interchange the i row(column) and j™" row(column) (Hij)

= [B| = |-A|
2. Multiply every element of the i row(column) by a scalar . # 0 (Hj(a)) Thus

|Bl = alAl
3. Add o times the elements of ™ row(column) to the corresponding elements of the i

row(column) Hj(e) Thus

1Bl = |A]

3 1 27, 18 1 23]
12(3)

[5 0 7]—>[5 0o 7

5

2 4 5 2 4

- By means of elementary row(column) operations, any square matrix can be reduced to
upper triangular , lower triangular or diagonal matrix. For upper triangular at each step
focus on one position ( pivot position ) and eliminates all elements below this position

using the three elementary operations.

[ a®t "\ pivot position}

pivot element

- All nonzero numbers are allowed to be pivots.

- Ifapivotisever 0, then the pivotal row is interchange with a row below it to produce a
nonzero pivot.

- Unless it is 0, the first coefficient of the first row is taken as the first pivot.




a 0 O
[deO]

a 0 O
[OeO]
g h i

0 0 1

upper triangular lower triangular diagonal

1.9.2 Evaluating determinants by row (column) reduction

The involves substantially less computation than the cofactor expansion method. The idea is
to reduce the given matrix to upper or lower triangular matrix by elementary row(column)
operations. Then compute the determinant of the triangular matrix.

Exp:

Evaluate |A| the by using row reduction method :

015]

A=|3 -6 9
2 6 1

1A] = -3(1)(1)(-55) = 165

1.9.3 The inverse matrix using row operations

To find the inverse of an invertible matrix A , we must find a sequence of elementary row
operations that reduces Anxn to I, then performing this same sequence of operations on I, to produce

A—l

11




Row operations

[A|]] [711A71]

Exp:

Find A~ of

3)1 0 0]
310 1 0|—-

2.1 Matrix Inversion in Hill Cipher
2.1.1 2 X2 matrix

Exp:

=[5 7

L a7 d
A1 =det(A) [_C

12




det(A) =|‘§ ‘7* = (9 x 7)-(4 x 5) = 43 mod 26 = 17

Using Extended Euclidean Algorithm to find the inverse of the det(A) :
(26,17)
26=17x1+9

From eq(1) we have
9=26-17x1
From eq(2) we have
8=17-9x1

From eq(3) we get

Put eq(5) & eq(6) in eq(7) to get

1=26-17x1-(17-9x1)
=26-17x1-17+9x1
=26-17x1-17+(26-17)x 1
=26-17-17+26-17

=2(26) -3 (7)

Then the inverse of 17 =-3=-3 + 26 = 23

a7t =det1n) [ 1 T

-5 9
7 —4]_ 161 —-92

-1 —
A ‘23[—5 91712115 207

] mod 26

Not :

13




R = remainder of lal
m
R ifa=0

r=<m—R ifa<0; R+0
0 ifa<0;R=0

161 mod 26 =5
92mod 26 =14 =26-14=12

115mod 26 =11 =26 -11 =15

207 mod 26 = 25

4_[5 12
4 "hs 25

2.1.2 3 x3 matrix

Exp:

A=[13 16 10

6 24 1]
20 17 15

g1 A
A71 = 2 AI(A)

By choosing any row to find the determinant we get

13 16
20 17

16 10
17 15

16 10 13 10 3 16
17 15 20 15 0 17

=6(16x15-17x10)—-24 (13%x15-20x10) + (13 x 17— 20 x 16)

3 10

— (_1)\2

+(-1?x 24|00 O]+ -1yt x|

_ 1
ofts 19]-afl3 19
=(6x70)— (24 x-5) + (-99)

=420 +120 — 99 = 441 mod 26 = 25




= = det(A1) = det(2571) = 25

4]

Adj(A) = (A"

70 5 —-99 18 5 5
A°=1-343 70 378 |mod 26=(21 18 14
224 —47 =216 16 5 18

18 21 16
(A9"=15 18 5]
5 14 18

-1 _L .
A7t == Adi(A)

18 21 16
=25|15 18 5
5 14 18

450 525 400

A 1=1125 450 125|mod 26
125 350 450




2-Hill Cipher - 2.2
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THE PROFESSOR IS EVIL : il =il Ll

Lial YY) 0 s e 058 L aal 5 IS Block e sana (A Aol aill asdity Aol & o 583 Y]
(G n G L) (aill oy all andi Cagu n Uyl alla 8 <2-Hill Cipher

A Casall s sl L) el (Says ¢ 0 pals 1 4da sS3A Jo¥) Caall () La deatiin Ll JaaY
(0 4ied (5SS

S S O R| I S E V| I L

19 19| 15 18 9 19 5 22 9 12

. Pg.‘m\l\ udﬂ“\é\gmgéeﬁjﬂ XYY e.bjeoii\ ejﬁj

:[2051861915959
16 15 5 19 18 19 22 12

P oSl bl ol addaiid s ueSaa L 098 O g (Al gl Ad ghiaa JUAS (Y g
5 6]
2 3
c,u«.'a.a'eﬁ‘P:\AJMJJY\JMQA:\AMJJY‘M\Q}A}‘A*P&M\&,\J&,\e\gﬁ
C sl 43 ghuaall (e J Y A}Aﬂic_ﬁ:\lpﬁwdj‘i\ .\MUA:\&M@C\M aall

C=AP = [148 161 180 60 209 183 159 157 117
58 81 27 95 84 75 76 54

|

Mod 26

C[1817248113113]
3 1 17 6 23 24 2

16
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ST

2 3
_Det(A) =(5*3) — (2%6)=3
-Det(4"')=9

N

S [—32 5 —18

HRCERE

b

(& ghndll (o sSan I g )

D 48 siaal) it A1 A8 shiaall (s Saa & £ 48 i) oy o 56 V)

1817248113113]

e [l 247 .
D‘AE[819 12 6 3 1 17 6 23 24 2

306 161 96 32 409 145 555 577 61

:A_lE:
D [372 250 249 83 331 122 461 464 142

] MOD 26




[20 18 6 19 15 9 5 9
16 15 5 19 18 19 22 12

dﬁiui\z\éjwﬁduﬂg@jﬁcﬂ\

DA dall aill & a5 Gl any Lead i o 580
THE PROFESSOR IS EVIL

ol o B dial) Jta 8 O g ¢l fas o O

OUR UNIVERSITY : i) (eill Lal

Au)ﬂ\ﬁﬁdﬂ\uﬂu\ﬂ&u\u&}cludjo UJSJAJJY\UJQ\U\MMD\LAY}
(1 4iad oSS

N | R S T Y X

13 8 17 18 8 19 24 23

. Pg—"‘y‘ @\&M@e@ﬂ\ XYY &bﬁ‘:};ﬂ e‘gﬁ\g

p= [14 17 13 21 17 8 24]
20 20 4 18 19 23

;Qsﬂjjm\aé&mé;w,mwwswig*gmumwﬁmﬁssd\zu
9 4]
5 7
gj'aleﬁcPﬁMJJY\AMQAﬁMJJY\;M\QM‘A*Pz.é‘gw\g)@?‘gﬁ
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C:[24 25 19 23 17 18 22]
2 17 17 3 3 17 21

Cial N 48 ghaal) o saty 2 685 Y

Ml il il o s Gl any Lt s o
YCZRTRXDRDSRWV

. Mﬁ'“\‘ﬂé
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3-Hill Cipher - 2.3
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2.4 - Encryption Algorithm:

Define A[ 1.p[ ],
E[].C[].i=0

.

input A[1., p[]

'
E[1=A[T"P[]

y

E[i] mod26

~

-

:;'jfEii]<26 a& E[i]>-6\' - S

yes

rd

-

Cl1+=El]

v




2.5 - Decryption Algorithm:

Define A'[1.p[ 1.
E[1.C[].i=0

.

input A[], C[]

:

E[1= A'[T°C[]

1
d

X

\/

—_ Elil>2

h 4

¢ | i<=E[ ]

i

< E[i]<26 88 E[i]>0 >

No

- -~
»
N

~3 5
B

E[i] mod26 s

v
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